TABLE A-1. REPRESENTATIVE DATA OF IsoTHERMAL Runs, Run [—14 not at all comparable. While the temper-
ature range is considerably different from

that used by Baker, Wong, and Hougen

Coolan ° °C.
W, t temperature ?).600t8(;3$7g.cr:noles /min. (2), .their results and these seem to be
Wyo 0.00152 g. moles/min. consistent. For n’xo = 0.003, a conversion
¥°xo 0.146 of 0.578, and a temperature of 60°C., the
n°xo 0.00500 moles nitric-oxide converted/unit mass feed equation given by Baker, Wong, and
X,* 0.000807 moles nitric-oxide converted/unit mass feed Hougen predicts a rate of 0.000065
X,* 0.00401 moles nitric-oxide converted/unit mass feed g. moles nitric oxide convert'ed/ (min.)
X,* 0.00421 moles nitric-oxide converted/unit mass feed (cc.) at 1 atm. An extrapolation of the
Xa/1°x0 0.843 present results to 60°C. yields a rate of
0.000075. The temperature dependence of
Station through bed 1 2 3 4 5 this reaction is the same in direction as
Pressure, atm. abs. 1.029 — 1.020 1.013 1.007  that observed by all previous workers. The
Temperature, °C. 96 96 96 96 98  decrease of the temperature dependence at

® X3 is a measured quantity; X2 is calculated from it as a correction for the homogeneous reaction. hlgher temperatures conforms to the ob-

X1 is calculated for the homogeneous reaction.

pressure was not specifically studied in
this investigation, it was necessary to as-
sume a pressure dependence on the basis
of available data. Although there is little
agreement in the literature in this regard,
proportionality of the rate to the square of
absolute pressure represents a reasonable
compromise between reported correlations
(2, 4, 8, 10). This relationship was as-
sumed in deriving the reaction rates re-
ported here.

Rates of Isothermal Reaction. The cal-
culated rates of isothermal reaction are
plotted in Figures A-2, 3, 4, 5, and 6. The
ordinate is R, for use in the equation

1
X — Xy = — VRszdV
F o

(A-3)

The abscissas are fractional conversions
and the parameter temperature. A separate
curve is given for each value of n°yo.
Tabulated values are given by Jaffer
(7). No empirical or semitheoretical equa-
tion has been found to correlate these rates,
although there is evidence for strong
adsorption of nitrogen dioxide in the
practically zero rates at high conversions.
Negative rates shown in some curves and
in the tables at very high conversions re-
flect slight errors, of course. Such rates are,
for all practical purposes, zero. The ab-
sence of a significant effect of gas-phase
diffusion on this catalytic reaction has been
reported by Baker et al. (2); accordingly
any effect of velocity of flow has been
neglected in interpreting these rate data.
Comparison of these results with those of
others is difficult because conditions were

servations of Kurin and Blokh (8) and
the theoretical treatment of Glasstone,
Laidler, and Eyring (6).

It will be noted that for high initial
nitric oxide concentrations and high con-
version of nitric oxide, reaction rates at
103°C. are shown to be higher than those
at 96°C. Such a reversal of the effect of
temperature on the reaction has not been
reported previously. No successful attempt
has been made in the present investiga-
tion to explain this phenomenon; the effect
is not large and occurs only at high
conversion of nitric oxide.

A good verification of the method and
of the accuracy of these rate data is that
they can be used to reproduce by calcula-
tion -the integral conversion data observed
with excellent agreement. In run I-14 the
measured value of X. was 0.00401; when
one integrates Equation (A-3) with these
rate data, the calculated value is 0.00412.
The absolute magnitude of the rate in this
calculation varied thirty-fold from entrance
to exit of bed.

Multicomponent Diffusion Problems

HSIEN-WEN HSU ond R. BYRON BIRD

University of Wisconsin, Madison, Wisconsin

Analysis of four three-component diffusion problems by means of the Stefan-Maxwell equa-
tions is presented. In three of these problems heterogeneous chemical reactions are occurring ot
a catalytic surface. Characteristic curves are presented for the better understanding of the
analytical solutions. The results of one of the exact solutions are compared with those by the

fective diffusion- ici . . .
effective diffusion-coefficient approach The derivation of Equation (1) from

the kinetic theory of gases has been
given by Curtiss and Hirschfelder (3).
Only » — 1 of these equations are in-
dependent because 3x; = 1.

The equations describing the diffu-
, sion in a »-component mixture of gases
are the Stefan-Maxwell equations (I1):

’ ~ -
Vxe = 3 (€ D) (2N,—2,N.)

j=1

i=12--—» (1)
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Specific solutions to the Stefan-Max-
well equations have been given by
Gilliland (4), Hoopes (5), Benedict
and Boas (2), Keyes and Pigford (8),
and Toor (10) for multicomponent
systems. It is the purpose of this pub-
lication to extend the “dictionary” of
solutions for steady state multicompo-
nent diffusion, particularly those with
chemical reactions involved. The latter
are of course interesting in connection
with the study of diffusion-controlled
heterogeneous reactions.

DIFFUSION OF A THROUGH A
STAGNANT FILM OF B AND C OF
KNOWN AVERAGE COMPOSITION

Gas A is diffusing in steady state
through a stagnant film of thickness
8, which consists of species B and C,
as shown in Figure la. If no A were
present, the film would contain B and
C in concentration x:° and x,° (with
%’ + x,° = 1). The authors select as
the two independent equations those
for B and C:

dxy
;C = Vap Xa (2)
d
dzc = Vagp X¢ (3)

which are to be integrated with the
boundary conditions: at { = 0, x, =
X1, and at { = 1, x, = 4. Integration
of Equations (2) and (3) gives the
following concentration profiles:

(1"‘x40) Ca0 — (l—x“)

= s
Xp ‘ (aAc — a“’) QaAp
(4)
(l*on) Qap — (l—x“) c
Xo = Qe
(aur - a,w)
(5)

in which ay; = €xp [NAS/C Du] and
{ = z/8.

An expression for N, in terms of x.,,
X1, %5°, and r = Daip/Dac may be ob-
tained by calculating x,° from the
above concentration profiles:

f: x5 dz
(6)

xu°

= §° (%5 + x0)dz

Inserting Equations (4) and (5) and
performing the integrations one gets

puter. The results are presented in
graphical form in Figure 2 and in
tabular form in Table 1*. The tabu-
lated values of a4s are reported to five
significant figures with the range of
Q = 1280, r = 0.10~> 0.95 with
0.10 intervals to 0.90, and x;° = 0.00
- 1,00 with 0.05 intervals. From this
table the mass transfer rate can be
calculated. This table has been used
by Huebner in connection with studies
on psychrometry in three-component
systems (7).

It can be seen both from the table
and the figure that a4 increases with
increasing Q, with decreasing r, and
with decreasing .

DIFFUSION OF A THROUGH A
STAGNANT FIiLM OF B TO
FORM A. AT A CATALYTIC SURFACE

Gas A is diffusing in steady state
through a stagnant film of B to a cata-
lytic surface, where A disappears by
an irreversible chemical reaction of
order h (see Figure 1b). The surface
reaction whereby A disappears may be
described stoichiometrically as

nA- A, (8)

Note that n and h do not necessarily
have to be the same. Values of n = 2,
3, 4 ... correspond to polymerization
reactions, whereas values of n = 1/2,
1/3, 1/4, . . . correspond to depoly-
merization at the catalytic surface. The
relative molar fluxes are determined by
the stoichiometry of the reaction (and
not by the order of the chemical reac-
tion); that is N, = — nN,. For this
case the Stefan-Maxwell equations for
A and B are

1 du (1 1)
dg_A” n X4

VApB

+ (Tan —15) %5 — 14, (9)
1 . dxx . (1‘ _ 1) x
VinB d{— ? n ?
(10)

in which Vipp = [NAS/C DA,.B], Ty —
Dans/ Das, and 71, = Dans/Das,. These
equations may be integrated with the
boundary conditions that x: = x4
and x5 = x5 at { = 0. The integration
of the x; equation is done first; the re-
sult is then substituted into Equation
(9), and the resulting first-order linear
differential equation is integrated:

= - (=) (=9 T

in which Q = (1 —%4)/(1 — %4).
Equation (7) has been used to cal-

culate the values of a4z in terms of Q,

%%, and r by an IBM 850 digital com-

Vol. 6, No. 3

(7)

# Tabular material has been deposited as docu-
ment 6266 with the erican Documentation
Institute, Photoduplication Service, Library of
Congress, Washington 25, D. C., and may be
obtained for $7.50 for photoprints or $2.75 for
35-mm. microfilm,

A.1.Ch.E. Journdl

Xp = Xpo €XP [Rvans {] (11)
X4 = [xAn — N7+ M—Ixao] exp

[Nran vans {] + N7 — M™ x5, exp

[R vans {] (12)
in which
1 1 1—1‘.4,. .
Ne=l——M=1——|——ro0
n n Tp—T4n
1
and R=r—— (134,b,¢)
. n

The condition that there be an hth
order reaction at the catalytic surface
is that at { = 1

(14)

where K={[k,8/c Du.z]. Applying this
condition to Equation (12) one gets
the following transcendental equation
for VApB:

N4 = k,. xA" Or v4,p = Kx}

*
\/ VinB
K

exp (N ranvans) + N7 — M7 xg -

exp (R vans) (15)

Equations (12) and (15) do not hold
for several special cases. For these
cases the mass transfer rate va,s is cal-
culated from the following formulas:

= [24— N7 + M~ x50]

Case ]

Tan = 1p; the binary diffusivities
Dasn and Das are equal. In this case
the (r4,— rz)x; term in Equation (9)
disappears, and the solution is inde-
pendent of the concentration xs, at the
outer edge of the film:

1 1—N SZVA,.B/K
Vigs = In
NTAn I— Non
(16)

Case Il

n = 1; a unimolecular rearrange-
ment is taking place at the catalytic
surface. In this case the 74,(1—1/n)x4
term in Equation (9) disappears, and

the solution gives
A __
\/VA,.B_ ( Ty — Tan )
K = Xio r—1
(17)

xno{exp[w,,x(ra - 1)] — 1}

— T4n vauB

Case {lI
nry — 1 = ra(n — 1); in this spe-
cial case the solution is
b

\szlg—

K
(1‘5—-1) ]

+ Xso o1 Vans

* exp (R vazz) + N

=[ X4 — N

(18)
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a)Diffusion of A through stagnant
film of B and C

b} Diffusion of A through stagnant
B fo form A, ot cotalytic surface

¢) Diffusion controlled catalytic

cracking with A——epP + qQ

d} Diffusion controlled cotalytic

combination with pP + qQ—sA

Flux Relation | Ng= Nc =0 Flux Relation NB'O,NA“’INA“
N Flux Relation NP--pNA' NQ--QN‘ Flux Relgtion NP'-%‘ Nos-qNA
Kinetics None Kinetics INA*kpx g at 22§ Kinetics Nam Il ot 208 Kinetics Wk E Igat ze3
RA —eA, ot ? A—»pP 4+ qQ cnurfncy- PP+ qQ—A G'M&
|- Gos Film ~~ = " cas Fim
L0 X0 | Gas Fitm—e] p—FQp— Gos Film—
— e
p-moles
0_6"0
qmoles
s Pt
Tgol X5 :Ans
X,
Ao t-mole Q3
-—T"Tp,
S E v e
Ad R 20 215
N 40 4y
Z=0 Z=§ Z=0 28
=0 i 80 £

Equations (15), (16), and (18)
have been used to tabulate vs.s for
various values of n, rs, ra,, X4, and x5
for K = o by an IBM 650 digital
computer. The results are presented in
tabular form in Table 2%, and some of
the characteristic results are plotted in
Figure 3. The tabulated results are re-
ported to four significant figures with
the following parameters:

n=2 8,4, 1/2, 1/3, 1/4
Tany T2 = 0.4, 0.8, 1.2, 2.0, 4.0, 6.0
%1 = 0.3, 0.4, 0.5, 0.6, 0.7

xs0 = 0.1, 0.2, 0.3, 0.4

In Figure 8 waus is plotted against 74,
for the following cases:

n=2, Xpo= 0.3,  %g = 0.1:
for various values of r;

n =2, x4 = 0.3, rp = 1.2:
for various values of xj,
n=2, Xz = 0.1, rp = 0.4:
for various values of x4,

Xgo = 0.3, Xpo = 0.1, s = 0.4:

for various values of n

This figure shows the dependence of
va,5 on the main variables.

DIFFUSION-CONTROLLED CATALYTIC
CRACKING WITH A > pP + qQ

Substance A diffuses through a gas
film of thickness 8 containing A, and
the reaction products (see Figure lc).
At the catalytic surface A disappears
by an irreversible chemical reaction of
order h. Stoichiometrically the reaction
is represented by the cracking reac-
tion:

A- pP + qQ (19)

The relative molar fluxes are deter-
mined by the stoichiometry (and not

2 See footnote on page 517.
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ng. 1. Three component diffusion problems.

by the order of the reaction); that is,
PN, — N; and gN, = — N,. For
this problem the Stefan-Maxwell equa-

two algebraic equations result, which
may be solved for the transform func-

tions x»(s) and xq(s):

[£r0]8" + [— Ag %po + Bpxgo + Cpls + [Br Co — Cr Ag]

xp(8) =

(23)

& — [Ar + Acls + [ArA, — BrBo]

tions for components P and Q are

and an analogous expression for xq(s)

obtained by interchanging all p and ¢

1 dxp
. — Apxp + B C and all P and Q.
vee di otrt Briet e In order for Equation (23) to be
” (20) inverted, the denominator has to be fac}-l
1 . _ — . hi
8% Ao + Baxe + Ce tored into (s—s.)(s—s.), in whic
Yro d C ].
(21) s = —=[(Ar + Ad)
. , = 2
in which VA AT IR (24
* P — 24 rDg
AP = _— P p = — T ¢
(1=p)r=—gq, B (A =re)p, One now has to consider three cases,
and C,=pr, (22a,b,c) namely s,#s,s =s =3, and s, =
and s, when s_ = 0.
DPO DPQ b
Tp = and Te = Case |
Dar e Unequal roots, s,7s. In this case
(22d,e) the inversion of Equation (23) yields
( [xz][s. exp (s, vpel) h
— s_exp(s-vrel) ] + [— Aoxno
+ Brxgo + Cr] [eXP(& vpel)
1 - eXP(S_Vyog)] + [Bqu - CpAQ]
x2({) = (25)

exp (s, veel) — 1

(s.—s) _ [

exp (S_weel) — 1 ]

s,

L

The quantities Ao, Bo, and C,-are de-
fined ‘analogously by interchanging all
p and q and P and Q. Equations (20)
and (21) are to be solved with the
boundary conditions that at { = O,
X == Xpo and Xy = Xqq.

When the (s multiplied) Laplace
transform of both equations is taken,

A.1.Ch.E. Journal

S J

with a similar expression for x4({).
The condition that there be an hth-
order reaction at the catalytic surface
which is similar to Equations (14) is
thatat{ =1

(26)
where K, = [ki 8/¢ Dre]. Thus when

NA = k),, xAh oY vpe = Kn xAh
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one sets xp + xg = 1 —x,at { = 1,

one obtains

=3/
=2

[XS,,_ -+ Y -+ ZS*_I]eXP(SJ/pQ)

— [XS_ -+ Y + ZS_-I]eXP(S_VPQ)

Y =xpo(P + q—ro) + %Xgo

VA A
(s | 1= TR (p +q = 1) + (pro+ qra) (29)
8,5
o @7) Z=pq(rs + 10) —1ere(p + q)
in which
X = %r + %oo (28) + {p°re + q°19) (30)
...._.xco
100 .0 0;9 08 0.7 0.'6 05 0;4 0;3 0;2 0;’ [+
90| \
0.0
80
ok olo 0.30
sof 030 0.50 4
0.50
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M
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T
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Fig. 2. The calculated values of ass

exp [N4 8/¢ Das] for the problem of

diffusion of A through stagnant B and C. These curves were calculated from Equa-
tion (7). To find a value of aus, first select the value of Q at the right of the chart
and the curve appropriate for a given value of r. Then move along this curve to the

left until the value of xz° is located. For example for Q = 2, r = 0.3, xz°

Vol. 6, No. 3

0.5, one finds that a.sz — 2.95.

A.I.Ch.E. Journal

(l_P)TP'I' (I—Q)To— (p+q)
=NV =plre—(1—q)re + (p—q) ¥+ 4pq (L —12) (1 — 1q) ]

(31)

[Equation (31) is the simplified form
of Equation (24).]

Case Il

Equal roots, s, = s_. = s,
In this case the inversion of Equa-
tion (23) leads to

x2(0) = [xn] [1 + s.vre (]
“exp (seveol) + [— Ag¥e 4 Beoo
+ Crl vrol exp (Saveo l) + [B:Cq

— CrAq] (8o vra) *[8. veo L exp

(Sevee L) — eXP(-S'e vee §) + 1]
(32)

with a similar expression for x,({).
Then application of the conditions that
xp + %o = 1 —xsat { = 1 gives

[X -+ Ys.,'l -+ ZS,_Q]S,; Vrg eXP(S, VPQ)
+ [X — ZSe—z]eXP(Ss Vyo) =

1—Zs*—/mo/Kr  (33)
in which X, Y, Z are defined in Equa-
tions (28) to (30) and s. (1/2)
[(I—=p)rs+ (1—q)re— (P + 9)].
Case Hi
One root is zero; s
s_=20 a

-’in this case the inversion of Equa-
tion (23) gives

= §, when

xp (L) = [%r0] exp (S0 vpg )
+[— Agxp, + Brxg, + CP]SO_l

[exp (Savpe £) — 1]
+ [ BsCo — CrAqlss™ [ exp

(Sowpe &) — 1~ Sovpe L]
(34)

with a similar expression for xq({). At

{ = 1 itis known that xp + x, = 1
— x4, so that

[X + Ys7 + Zs;°Y exp (8o vee)
- ZSO—1 vpo == [ 1 + YSg_l + ZSu—z]

—\/vre/Ks
in which X, Y, Z are defined in Equa-
tion (28) to (30) and s, = (1 —p)rse
+ (1 —q)re— (p + q).

Equations (27), (38), and (35)
have been used to tabulate s, for
various values of p, g, %p, %go, 7», and
1o for K = e by an IBM 650 digital
computer. The results are presented
in tabular form in Table 3%, and some

# See footnote on page 517.
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-of the characteristic results are plotted
in Figure 4. The tabulated data are
reported to four significant figures with
the following parameters:

p.g=12

e, 1o = 1.0, 1.5, 3.0, 4.5, 6.0
xp = 0.2, 0.3, 0.4, 0.5, 0.6, 0.7
Xe = 0.2, 0.3, 0.4

In Figure 4 the values of vz, are plot-
ted against 7, for the following cases:
p=14qg=1r = 15, x4 = 0.2: for
various values of xpm; p = 1, ¢ = 1,
xpo = 0.2, xp, = 0.2: for various values
of xXp; Xpo = 0.2, xqo = 0.2, r» = 6.0:
for various values of p and gq.

DIFFUSION-CONTROLLED CATALYTIC
COMBINING WITH pP 4 qQ — A

Species P and Q are diffusing
through a gas film of thickness 8, con-
taining P and Q and the reaction prod-
uct, toward a catalytic surface on
which the (hs + hy) order irreversible
chemical reaction occurs, as shown in
Figure 1d:

PP+ 90—~ A (36)

Thus the Stefan-Maxwell equations for
components P and Q with the stoichio-
metric requirements and the boundary
conditions are exactly the same as the
problem of A- pP + qQ discussed
previously [that is, the Stefan-Max-
well equations are Equations (20) and
(21), and the boundary conditions are
Xr = %p and xy = x4 at { = 0].
Therefore the solutions of x-(Z) and
xq({) are exactly the same as A - pP
+ gQ problem. Similarly, there are also
three cases which have to be con-
sidered, namely s, £ s, 5, = 5. = s,,
and s, = s, whens = 0.

Case |

Unequal roots, s, # s.

In this case x»({) can be rewritten
from Equation (25):

1
8, —8_

{[XPS+ + YP + ZPS+_1]exP(S+ VpQ l)
—[Xos. + Yr + Zps ] exp(s_vee {)}
Zy

xp({) =

(87)

in which

(38)

—-—rpAp —

|los08070 60 s0 40 30 20 19090807 06 03 Qs

S

07F =12 rg = 0.

o8 B, 08 e 0,4 520U

o rg=20
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Fig. 3. The calculated values of vi,s = [Na 8/cDa,z] for the problem of diffusion of A
through a stagnant film of B to form A, at a catalytic surface. These curves were calculated
from Equations (15), (16), and (18) for K = 0.

hpln[ ! [
s, —§_

+hqh’l|/ 1 [
S, — 8.

- ln[ — VPQ/KA] =0

Page 520

[Xzs. + Yo + Zps, Jexp (s, vee)
— [Xps. + Y + ZpsJexp(s- vee)
[Xes: + Yo + Zgs,™]exp(s. vro)
— [Xes- + Yo + Zos Jexp (s-vre)

Yr=[p~— (1 —q)relxn

+P(1“'7'P)xon+P7'p (39)
p=pq(l—re)re
—pre[ (1 —q)re—p]  (40)

s, is defined in Equation (81)
with a similar expression for x,({) by
interchanging all p and q and all P
and Q.

One may see that

Equation (28) X =X, + X,
Equation (29) Y =Y.+ Y,
Equation (30) Z=2Z,+Z,

The kinetic equation at the catalytic
surface ({ = 1) for this problem is
— NA = kn xp"I' xQ‘Q
or — Vrg — prp tha

K,

in which k, = k»/p = ke/q and K, =
[ky8/¢Dre]. Thus one will get the
following transcendental equation of
vre at the catalytic surface:

N
Jr )
8.5

- Z
e
8.5

A.1L.Ch.E. Journal

(41)

(42)

Case 1l

Equal roots, s, =s.=s,

In this case x,({) may also be re-
written from Equation (82):

xP(z) = [XP — ZP S.'z]exp(s, Vpo C)
F+ Zps7 4 [Xe + Yo s, + Zps,]

S veo L €Xp(Se vpa L) (43)

with a similar expression for xo({).
Thus at the catalytic surface one gets

hesIn [Xe—Ze S,"]exp (8o vrg)
+ Z.P Sc_z
+[XP + YP Sc_l + ZP Se_z]

* 8, vro €XP (Ss v20)
[Xe — Z, S."z]exp(Se vpo)
+ ZQ 83_2
+ [XQ '+' YQ Sa—l + ZO su_z]
* 8¢ Vpq exp (s, V}rq)

_ln['—VPO/Kh =0

+ heln

(44)

in which Xp, Xq, Ye, Yo, Zs, and Z, are
defined in Equations (38) to (40),
and s, =(%)[(1—p)rs + (1 —g)1g
—(p+9)1
Case 111

One root is zero, s, = % when 5
=0

In this case x,({) is rewritten from
Equation (34):
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Fig. 4. The calculated values of vpq

[N+ 8/cDrq] for the problem of diffu-

sion-controlied catalytic cracking with A = pP 4 gQ. These curves were calculated
from Equations (27), (33), and (35) for K = 0.

x?(i) =[Xe + Yes* 4+ Z, s7%]
exp (So Vpg C) -— Zp So—l Vpo c
—Yrs —Zps,” (45)

with a similar expression for x¢(Z).
Then at the catalytic surface one ob-
tains

heIn [ Xe + Yes™" + Zps,%]
[ © €xp (So VPQ) }
—Zp s vpe— Yp S5 — Zp 870
+ hl) ln [XQ + YQ So-1 + ZO So.z]
[ T exp (Sovre) ]
- ZQ So-l vpq — YQ 80—1 _— ZQ 30—2

—_ ln [ —_ qu/Kn] =0 (46)

in which Xz, Xq, Y5, Y, Z», and Z, are
defined in Equations (38) to (40),
and $, —-p)r+ (1 —g)rg —
(p + q).

Equation (42), (44), and (48) are
to be used for the calculation of »pq for
the various values of p, ¢, and %, %Xq,
s, 7o, and K,.
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It is important to note that the val-
ues of x-(8) and x,(8) can be evalu-
ated from the value of vp,. These val-
ues of x,(8) and x%,(8) determine
which of the following conditions holds
at the catalytic surface:

(l) qx}w - PXgs = 0
no excess reactant at the
catalytic surface
(ii) qXps — PXes >0
xP is the excess reactant
at the catalytic surface
(i) qxes — Pxes <O
xQ is the excess reactant
at the catalytic surface

When K. = «, Equations (42),
(44), and (46) do not hold. For this
case a special consideration has to be
made for the calculation of vs, because

Equation (41) becomes
xphP xqba = 0

(47)

Hence one cannot tell whether x, = 0
or x; = 0 at the catalytic surface. In

A.1.Ch.E. Journal

this case one may arbitrarily select
x2(8) = 0 and proceed with the cal-
culation of vre. Then after the calcula-
tion one has to substitute this v, into
the expression for x,(8) to verify its
sign, for x,(3) cannot be a negative
value. If by using the wr; obtained
from x,(8) = O one gets x(8) <0,
then it is obvious that the assumption
made (that is x,(8) = 0) is incorrect
and that instead one has to use x,(8) =
0 for the calculation of vpe.

In other words if one obtained x4 (8)
= 0 by use of the vpq calculated from
%»(8) = 0, it is seen that this is case
(i), in which there is no excess reac-
tant at the catalytic surface. If x,(3)
> 0, this is the case (iii), where x, is
the excess reactant at the catalytic
surface. If xo(8) < 0, this is the case
(ii). It is obvious that x, is the limit-
ing reactant; thus one has to use x¢(3)
= 0 for the calculation of vsq.

There are also three cases, the same
as previous ones, which have to be
considered when K, = oo, namely,

S, %4~ §.,8, =8 =S8, and s, = s when
s = 0.

5

Case |

Unequal roots, s, 7 s
The transcendental equation of wrq
at the catalytic surface is

[Xss. + Yr + Zp 5,7 Jexp (S.vre)
+ Zo(s, —s5.)s7 s = [Xps.
+ Ye + Zp s ]exp (S-vre)
Case Il
Equal roots, s, = s. = &,

In this case at the catalytic surface
one obtains

[Xe — Zp s.7*]exp (So vee) + Zp s, ™"
+ [XP + Yo s + Zp 5,7°]
© 8, veq EXP (s, vpe) = 0

Case 1l
One root is zero, s, = s, when s =0

(48)

(49)

In this case at the catalytic surface
one will obtain

[XP + Yesst +Zp So'z]exp (So VPQ)

- ZP So-1 vpq = [YP <+ Zp 80_1]80-1
(50)

Equations (48), (49), and (50)
hold only with the condition that the
substitution of »ee, which is calculated
from one of these equations, to x¢(8)
gives xo(8) = 0. Otherwise, with simi-
lar expressions for the above three
equations obtained by interchanging,
all p and q and all P and Q have to be
used for the calculation of vrq.

METHODS OF USING EFFECTIVE
DIFFUSIVITY

In this section the authors compare
the results of diffusion-controlled cata-
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lytic cracking with A - pP + ¢Q
with those obtained by using an effec-
tive diffusivity and the usual binary
formulas. Such methods have previ-
ously been proposed by Hougen and
Watson (6), Wilke (I11), and Stewart
(9). The method used here is essen-
tially that of Stewart but written up in
a form similar to the development
given by Hougen and Watson so that
comparison between the various ap-

Xa

dz
(54)

NA == _(C DAm) (1 _EA xA)_l

In this expression
Hi=[Ns+ Nz + N + NN,
b—p—
:a_t_a_”__ﬂ (55)

and Di, is an effective diffusivity for A
diffusing into the mixture, given by

D = 1—E,
[ Xe + Xp + Xq + xXr _ ZC.A_ ( b _ P _ q ]
Dan Dar Dae Dar a Das Dar DAQ

proaches can be made.- The authors
suggest a method of modifying the ef-
fective-diffusivity approach by allow-
ing the effective diffusivity to vary
linearly with either composition or
distance.

Assumption of Constant Effective
Diffusivity

For the general gaseous reaction
aA + bB = pP 4+ qQ proceeding in
contact with a solid catalyst in the
presence of an inert gas I the stoichi-
ometric requirements are

Ns = (b/a)N,, Ns=—(p/a)N,, and
Ng=— (q/a)N, (5la,b,c)

Hence the Stefan-Maxwell equation for
component A is

dx, NA[ Xz X Xq
B R
X X4 ( b
+ Du @ Das
L —-_i-)} (52)
Dar Dae

Thus the expression for N, becomes

X
NA=——C[ Xz + Xp + Q

Dar Dur Dae
X X4 ( b
o0 e \Dn
p g ) ] dx.
" D Dao dz
(53)

Thus far no assumptions have been
made, except that the system consists
of ideal gases at constant temperature
and pressure.

Next Equation (53) can be rewrit-
ten in an alternative form simply for
the purpose of obtaining a relation
which resembles the expression for
binary diffusion of A into stagnant I in
a two-component system:
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(56)

It should be emphasized that the step
from Equation (53) to (54) is nothing

Q stationary Equation (57) reduces to
the result of Wilke; also Equation
(586) is then his expression for effective
diffusivity. Note, however, that Wilke’s
expression for diffusivity is the same as
that in equation (17) of Hougen and
Watson if all their D, are replaced by
Dis*. Equation (57) is the same as
that given by Hougen and Watson, but
the Dinm used here are different from
theirs.

The solution of the A - pP + qQ
problem by Equations (56), (57), and
(58) is now compared with the exact
solution obtained previously. For this
problem the Dun of Equation (56) can

be written as

(1 —E4)Deo

DAm =
(%o + pxa)re + (%o + g x4)7¢

more than a rearrangement. (59)
Equation (54) is next integrated Then from Equations (57), (58),
with respect to z to give and (59) vrq can be obtained:
Nd  [1—EixIn[(1—Eix6)/ (1 — Eixu)]
veq = = (60)
¢Dre Eal (xp + pra)re + (% + gxa)1o]

Ny =(¢ Dim)8" (Xao — x45) (7)™
(57)

in which x, for component A is defined
as

(xf)A: EA(on - an)

-{m } (58)

The integration of Equation (54) was
performed by assuming that D is in-
dependent of composition and hence
of position. This assumption is clearly
made just to effect a simplification,
Equation (57) is the same result
which Stewart has given. For B, P, and

1 —Bixas
1 —Ei%s

~——— By exact method

In order to use Equation (60) the
quantities x4, x», and x, are to be taken
as the arithmetic mean of the mole
fraction of A, P, and Q at the inner
and outer edges of the film. Hence for
instantaneous surface reaction one

1
takes x. to be - %4. Further one takes

1
x» to be —2 [xe0 + {Xpo/ (Xpy + %ao)}]

and an analogous expression for xo;
this is tantamount to assuming that the
ratio of concentrations of P and Q at
z = & is exactly the same as that at z

~-—~- By effective diffusivity approximote method
~-—--By effective diffusivity method with linear dependence on position

M T a7 [7a ProlXed Pl TaTre Irq XedX e Ta e 7a [Xed¥ed)
0.80 [ | |4.5]30]{07 {02 2] 2(45]15j02]02 2 (1 §3.0115]04]03
A o}
oref 0.24 0.60 /9038
2 Xqo,Z
Y x4
Xp Xq f. '
o7e} 0.23 oso.  oeh % /Y " BFo3e
Xq X / [Xa
/ P
oral 0.22 .40 / 034
o/
7
072 4 Jozi Jo30 /, v, Jozz
Xg-e= / 7
/f‘ér 4
orole="_ % b o2l . ., . 020 04 e 0.30
0 0z 04 06 08 10 0 0z 04 08 08 10 0 02 04 06 08 10
A & PN

Fig. 5. Comparison of the concentration profiles for the A > pP - qQ problem (for K = <o)
as calculated by the exact method and by two effective diffusivity methods.
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Assumption of Linear Effective Diffusivity
From Equation (56) it is known
that the effective diffusivity Daa is de-
pendent on composition and hence on
position. Hence the authors suggest a

re (¥ + PEu) + ro(%e0 + g¥w) |
1o (Xes + PXas) + To(Xes + G%as)
(62)

Equation (61) is next integrated with
respect to z to give

N& l—x4(1—p—gq) B
Vpq = = ‘
¢ ¢Drq [re (xpot-pxas) +70(Xe0+qxa0) 1(1—p—¢q) In (1 + B)
1—%x4 (1—p—
method for modifying the effective- In ['L(—‘P—‘CQ‘} (63)
diffusivity approach so as to make the 1=x4(1—p—q)

effective diffusivity linearly dependent
on either composition or distance.
Method 1

Dam linearly dependent on distance

When K, = «, 24, = 0, and Equation
(62) becomes

N.é

Method I1

Dam linearly dependent on composition
In this case an expression similar to

Equation (61) can be written as

N,= —cmm[ 1+ /3( T R ) ]
Xa0
dxA
dz
Damo and B are exactly the same as de-
fined in Method I for the case K, = 0.

Integration of Equation (65) with
respect to z gives

[l—z(1—p—q)1" (85)

1—x0(l—p—gq)

In this case Equation (54) for the vee =

A »pP + qQ problem can be written

as ] 1
NA:_CDAMO[1+B(_S)] B

~ (61)

"A—x(l—-p—q)1" »

dx
d

In this expression Dime is Dim evalu-
ated at z = 0 and is obtained from
Equation (59) by replacing x., x»,
and x, by their corresponding values
at z = 0, namely %.,, %r, and xq. The
quantity B8 is a constant and can be
expressed as follows by use of Equa-
tion (59):

1—26(l—p—q)

B= 1—24(1—p—gq)

B Ll —%4(l—p—4q)

Tp(xpc + Pon) + TQ(xQD + qx“’)

Xps(Tp — Tq) + 7o

-1
(64)

In order to make use of Equation (64)
one takes xps = > * [xpo 4+ {Xpo/ (xp0 +

%g) }] provided r» — 7o < 0; when r»
— 74 > 0, Equation (64) must be
modified by interchanging all p and q
and all P and Q. When 7, = 1o, Equa-
tion (64) reduces to 8 = 0, and hence

DAm = Damo

TaBLE 1. SAMpLE COMPARISON OF THE VALUES OF Vg = N4d/cDprq BY THE EFFECTIVE
Drrrusivity METHODS WITH THOSE FROM THE EXxACT SOLUTION, FOR THE
A - pP + gQ ProBLEM (witH K = o)

(In each square the first number is the exact value, the second number is the value cal-
culated from the constant effective diffusivity method [by Equation (60)], the third
number is the value calculated from the linearly position-dependent effective-diffusivity
method [by Equation (63)], and the fourth number is the value calculated from the
linearly concentration-dependent effective-diffusivity method [by Equation (66)].

e
1.0 1.5 3.0 4.5 6.0
Te

p=2 0.0801 0.0597 0.0474 0.0396
g=1 1.0 0.0815 0.0618 0.0498 0.0417
Xpo = 0.7 0.0810 0.0604 0.0476 0.0401
%go = 0.2 0.0808 0.0603 0.0481 0.0400
0.0647 0.0603 0.0485 0.0402 0.0343

1.5 0.0660 0.0608 0.0491 0.0412 0.0355

0.0658 0.0608 0.0486 0.0402 0.0344

0.0659 0.0608 0.0484 0.0402 0.0344

0.0361 0.0346 0.0307 0.0271 0.0243

3.0 0.0361 0.0345 0.0304 0.0272 0.0246

0.0359 0.0343 0.0304 0.0270 0.0242

0.0359 0.0343 0.0304 0.0270 0.0244

0.0248 0.0240 0.0220 0.0203 0.0187

4.5 0.0248 0.0241 0.0220 0.0203 0.0188

0.0243 0.0239 0.0219 0.0203 0.0187

0.0246 0.0239 0.0221 0.0203 0.0187

0.0188 0.0184 0.0172 0.0162 0.0152

6.0 0.0189 0.0185 0.0172 0.0164 0.0152

0.0188 0.0184 0.0172 0.0162 0.0152

0.0190 0.0184 0.0172 0.0161 0.0152
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¢Dro - [fp(xpo+P’xAu) ~+ r¢(xe0 + quO)](l_P"q)

| (1‘W£T$)' W

b [ =]

Xao — Xus
X40

(66)

When 8 = 0, Equations (63) and
(66) reduce to Equation (60) which
is the method of assuming constant
effective diffusivity.

Discussion of Results

A few values of vse, calculated from
Equations (60), (63), and (66), along
with the corresponding exact values
from Table 3, are summarized for the
A - pP + ¢Q problem (with infinitely
fast surface reaction) in Table 1. Ad-
ditional comparisons are given in Table
4°,

From Table 1 one sees that an ef-
fective-diffusivity approach to a
multicomponent diffusion problem gives
acceptable results. The method is sim-
ple, and the formula is similar to that
of the binary case. In this method the
authors suggest that when the ratio of
7» to 1o Is close to unity, the constant
effective-diffusivity approach is pre-
ferable; when the ratio of r» to r, is far
from unity, the modified effective-dif-
fusivity approach (either linearly de-
pendent on position or linearly de-
pendent on concentration) should be
used.

It is important to note that although
good agreement for v is obtained by
the effective-diffusivity method, there
is quite a discrepancy between the
exact concentration profile and that ob-
tained by this method. A few concen-
tration profiles obtained by the exact
method, by the constant effective-dif-
fusivity method, and by the method of

¢ See footnote on page 517,
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TaBLE 2. CoMPARISON OF THE CONCENTRATION PROFILE BY THE EFrFECTIVE DIFFUSIVITY
METHODS AND THAT BY THE ExacT METHOD FOR THE A > pP + ¢(Q

PROBLEM FOR K = oo

p=1 by the exact method:
g=1 xp(L) = 0.9998 4 0.3793 exp(0.0387) — 0.6791 exp(—0.0847)
r, = 4.5 xo({) = 0.9998 — 0.2863 exp(0.0387) — 0.5133 exp(—0.086¢)
1o = 3.0 by the constant effective diffusivity method:
%po = 0.7 (L) = 1.0000 — 0.3000 exp(—0.316¢)
Xgo = 0.2 xo(¢) = 1.000C — 0.8000 exp(—0.012¢)
by the lnearly position dependent effective diffusivity method:

xp(£) = 10000 — 0.3000( 1—0.0221¢ )=

xo({) = 1.0000 — 0.8000(1—0.0221f)*=
p=2 by the exact method:
qg=2 xp(L) = 0.6665 + 0.4189 exp(—0.212() — 0.8854 exp(—0.871{)
rp =45 xo(L) = 0.6665 — 0.2715 exp(—0.2127) — 0.1950 exp(—0.871¢)
r, =15 by the constant effective diffusivity method:
Xpo = 0.2 xp(L) = 0.6667 — 0.4667 exp(—1.544()
Xgo = 0.2 xo({) = 0.6667 — 0.4667 exp(—0.515¢)

by the linearly position dependent effective diffusivity method:

xp(L) = 0.6667 — 0.4667(1—0.13047 )™

xe({) = 0.6667 — 0.4667(1—0.13047)%*
p=2 by the exact method:
g=1 xp({) = 1.0000 + 0.1042 exp(—0.1227) — 0.7042 exp(—0.453()
re = 3.0 xo() = 0.5000 — 0.0711 exp(—0.122¢) — 0.1289 exp(—0.4537)
ro =15 by the constant effective diffusivity method:
Xpo = 0.4 %2(¢) = 1.0000 — 0.8000 exp(—0.4487)
oo = 0.3 %o({) = 0.5000 — 0.2000 exp(—0.5657)

by the linearly position dependent effective diffusivity method:
x:({) = 1.0000 — 0.6000(1 +0.1081¢)**
%o({) = 0.5000 — 0.2000(1 40.1081¢)**®

effective diffusivity linearly dependent
on position are shown in Table 2.
These profiles are plotted in Figure 5.
Because profiles calculated by the
method of effective diffusivity, linearly
dependent on concentration, cannot be
expressed explicitly, they are not
shown in Table 2.

Certainly the expressions used here
for the heterogeneous reaction rates at
the wall are idealized expressions.
More general expressions should take
into account the adsorption and de-
sorption mechanisms which occur at
the surface.
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NOTATION

a, b = number of moles

Ap, B., C» = dimensionless constants
defined in Equations (22 g,
b, c)
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c = molar density (moles cm.™);
¢ = p/RT

Di; = binary diffusion coefficient

for the gas pair ij (cm.?

sec.™)

effective binary diffusion co-

efficient for ¢ into a mixture

of the other components (sq.

cm. sec™)

order of chemical reaction

reaction rate constant for hth

order reaction (mole cm.

sec.™)

K = dimensionless quantity de-
fined in Equation (I4) =
k,S/ CDAnB

K, = dimensionless quantity de-
fined in Equation (26) =
kxd/¢Dsq

M, N, R = dimensionless constants de-

fined in Equations (13 a, b

c)

mass transfer rate

mole flux of the ¢ component

with respect to stationary

axes (mole cm.sec.™)

number of moles

total pressure

number of moles

components P and Q

dimensionless quantity =

(1 — 24) /(1 — x4)

ratio of binary diffusivity de-

fined in each case

R = gas constant

s, = dimensionless constants de-

fined in Equations (24) and

(31)

T = absolute temperature

®
3
I

x
o

b

z
[

T |

2
Il
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X, Y, Z = dimensionless constants de-

fined in Equations (28),
(29); and (30)

x4 = mole fraction of the ith com-
ponent

z = distance into film, (cm.)

Greek Letters

ay = dimensionless quantity =
exp vy

B = constant defined in Equation
(62)

3 = thickness of gas film

A = constant defined in Equation

40

{ = z(/b‘) = dimensionless dis-
tance coordinate

v = total number of chemically
distinct species in a multi-
.component gas mixture

i = dimensionless quantity =
N.8/ C@u

Subscripts

A, A, B, C, P, Q, = quantities per-
taining to components in
multicomponent mixture
quantity pertaining to the
ith species in multicompo-
nent mixture

i

0 = quantity evaluated at z = 0
8 = quantity evaluated at z = 3
0 = gzero root (with s)

e = equal root (with )

+ = positive root (with s)

- = negative root (with s)
Superscript

0 = the known average quantity
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